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Abstract

The paper presents the nonlinear transport of the intense pulsed charged particle beams analyzed with the Lie algebraic

method . The particles are supposed to be distributed in 3D dimensional ellipsoid in Gaussian manner. The analysis is performed for

magnetic quadrupoles, and is similar for dipoles, sextupoles and other optical elements.
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1 Introduction

When the particle energy is low and the beam cur-
renl is high, the space charge forces of the beams can not
be ignored. In the intense accelerators, such as medical
proton linear accelerators, accelerator driven sub-critical
system and so on, the nonlinear transport of intense
beams should be taken into account, so that the high
beam transmission can be obtained. In this situation, ac-
curacy calculations for the particle trajectories are very
complicated .

There are usually two ways to calculate the nonlinear
transport for the intense beams:
numerical method ( solving fields and calculating tra-
jectories ) and analytical method . The former one is
often used for short beam transport systems, such as
ion attracting systems of ion sources . Because of large
memory needed in numerical calculations , analytical
method is convenient for the very long beam line cal-
culations .

Lie algebraic method"" provides a good tool to study
the nonlinear transport of intense beams. The key problem
is how to express the self-excited potentials of the beams.
Because different particle phase space distributions have
different potentials, they will evolve with the particle mo-

tions. Different distribution functions of charged particle
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beams can be chosen as distributed in phase spaces in K-
V., parabolic or Gaussian manner, ectc. The particle dis-
tribution function in 3D dimensional ellipsoid can also be
chosen as parabolic, Gaussian or uniform. Gaussian dis-
tribution function in 3D dimensional ellipsoid is used in

our analysis.

2 Hamiltonian and its expansion'?’

In the Cartesian coordinates (x, %, z), the Hamilto-
nian of a particle with time ¢ as an independent variable is

H =[mic' + I (p, - gA) + S (p, — qA,) +

cz(p,—qA,)2]%+qcp. (1)
where m, is the rest energy of a particle, ¢ the charge,
p.»p, and p, the x,y and z components of the particle
canonical momenta, respectively, A, , A, and 4, the x,y
and z components of the magnetic vector potential, $ the
electric potential, ¢ the light velocity. Here, the canoni-
cal variables are = (x,y,z,p.,p,,p.).

Introducing the variable p, = - H,(x,y,z,p,.p,,
p.:t) and solving p, from p,, one obtains

K=-p =-[(p, + ¢/’ - mic® -

1
(p. - qA) - (p, - qA,)’]2 - q4,. (2
Define the new canonical variables{ = (x,y,7,x2’,y",

p.) as
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x=x,y = y,t =T - 2/8,
x' = pdpysy’ = pposp. = pr - prs

where T = ct, 3, = ¢/v,, v, is the velocity of the refer-

(3)

ence particle, p, the momentum of the reference particle,
pr =p./(pyc),pT the value of py for the reference parti-
cle. Under the transformation expressed by Eq. (3), the

new Hamiltonian is

q9 1
H=- [(Pr"'l’r*‘poc) m},z‘

1
(x’ - qA./py) - (y" - qA),/pO)z] ’

gA.Ipy - (p. + p3)B,. (4)

For the magnetic quadrupoles, A = g (y' = 2% )e,

(G is the magnetic field gradient), and the selfexcited
electric potential of the charged particle beams for the
Gaussian distribution is

IT,
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d¢,
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(5)
where [ is the average beam current of the beam bundles,

T ; the beam pulse repetition period, X, Y and Z the ms
pulsed beam dimensions, and 7, = 1/4/1-85. The

Hamiltonian becomes

H=- [(pr L J@)z gy 21 2]%

Bo  poc

éqp%(yz -2) = (p. + p)IB,. (6)

Expand the Hamiltonian in Eq.(6) about the equi-

librium orbit, we have

3 First order approximation

The linear map M, is expressed as

M, = exp(-: f,
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and
a = quip, - 1By,

® o=

My =

Hy =

|
]

= [(quipy - UB)* = 1/(By)I"

qlIT,

3/2 ’
~ 8x cE,

=

d¢ ]
LR s QY s Q2 Y + &)
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de
QY+ VX + HQY + Q2 4+ &)

¢
Q2P+ )V + QY + )27 + &)

), (10)

where : f,: is the Lie operator. When acting on another function, it performs Poisson bracket operation, and

fr =~ IH,,(l is the length of quadrupoles) .

(11)

Let the subscript “1” express the first order terms of the map, and M, act on the components of the initial canonical vari-

able {', one obtains the first order approximation solutions of the particle trajectories, expressed in matrix form as
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 cos(D) klssin( kD) 0 0 0 o |
( = k.ssin(kl)  cos(k,l) 0 0 0 0 '
x b
' 1 .
n| 0 0 cosh( k,l) k—,ssmh( k,l) 0 0 : y
EL 0 0 ks sinh(kl)  cosh(k,1l) 0 0 ?
i L2 sinh( k,1) ¢
L - 0 0 0 0 cosh( k1) LB S _p.
L 0 0 0 0 kB vss sinh(kl) cosh(kl)
where
ki " g(} % 20;1\.(1’ ) G g_{r _ 2 O},’_f___{,‘{ ) I{;. — 2\()"13{1 "
&5 Pos <3 Po s BoYoPos

4 Second order approximation

The second order map M, can be expressed as M, = : f;:, where
1 1

fi = _Jh;wg,z,)dzl - -JM2H3(§,z,)dz,. (14)

Let the map M, act on the linear solution ¢, = (x,,%’,%,,%% T, +P., ), one obtains the second order solutions {,(the

subseript “2” expresses the second order) of the map. The results are listed as the following:

2 2
X, = ﬁ{ﬁ%[ﬂ:;sin(ls,”(cosh(k,l) - 1) - k’sin(kl) + kk,cos(k)sinh(k1)] +

Bo i k.sal2k’sin( k1) (cosh( k) - 1) + k’sin(k,)cosh( k) - k. k, cos(k,l)sinh( k1) ]} +

xp. 20, . .
@F ki)k,sz{ﬁf, ygposz[k,cos( k1)(cosh(kl) = 1) + 2k sin(k.)sinh(k )] +

kal (2K + K )sin(k1)sinh(kl) — k.k cos(k,1)(cosh(kl) - 1)]} N

’ 2
AL ,{ Q";[k,sin(k,l)sinh(k,l) - 2k, cos(k,1)(cosh(kl) - 1)] -
4k, + ki \pok,s

By al kksin(kDsinh(kl) + (2K + k)cos( k1) (cosh(kl) - 1)]} +

x'p, 20n, : :
(4K + ki)k,sa{ﬂg }’(Z,pl;kxsz[k‘sm(k‘l)(l + cosh( k1)) - 2k cos(k1)sinh(kl)] -

al kb sin(k1)(1 + cosh( k1)) + (2K + k*)cos( k,z)sinh(k,z)]}

2
X, = ——215——2{ Q“’[(zki + k) cos( k) (cosh(kl) - 1) + kk,sin(kl)sinh(kl)] +
4k, + kl Po

Bﬁ,yﬁ, isza[Zk,cos( k1)(cosh(kl) - 1) - k, sin( k)sinh( k,l)]} +

. 2
- Ip}ci)k,s ﬁgy?;‘;sz[zk,k,sin(k,l)(l + cosh(kD)) + (2K + K )ecos(kDsinh(k1)] +

Eal2k, cos(k!)sinh(kl) - k,sin(k1)(1 + cosh( k,l))]} +

’ 2
ij‘: f{p (::l;[Zkisin(k,l)(cosh(kzl) ~ 1) + K*sin(k)cosh(kl) — kk, cos(k)sinh(k1)] +
z : O fx
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Bs vtk sal2k’sin(k 1) (cosh( k1) ~ 1) ~ kisin(kl) + k.k, cos(k,)sinh( k,l)]} +

x'p, { 2Qu.

@+ i E ik, sz[(Zki + K )sin(k,)sinh( k1) - kk cos(kl)(cosh(kil) - 1)] +
x 2 z 0700

klal k,cos(k,1)(cosh(kl) = 1) + 2k, sin( k,I)sinh( k,l)]} ,

Y2 Zk—zyi_k_z_{iﬁf#z[— (2k% - K.)sinh(k,1) - kk, cosh(k,Q)sinh(kl) + 2k%sinh(k,)sinh(k1)] +

8o vokisa[ 2k’ sinh(k,1)(1 - cosh(kl)) + k’sinh(k,I)cosh(kl) - kk,cosh(k I)sinh( k,l)]} +

¥P- 20p,
(4K - KD ks’ B 7ipys

5[ k, cosh( kyl)(l - cosh(k,l)) +

2k,sinh(k,0)sinh(k,1)] + k,a[ kk,cosh(k,1)(1 - cosh(k1)) - (2K - kf)sinh(k,.l)sinh(k,l)}} +

—”—2{ 20";[2k,cosh(k,.l)(cush( k@) — 1) — k,sinh(k,)sinh(kl)] -
4k, - ki lpok,s ! ’ ’
B 72al (2K - K )cosh(k,1)(cosh( k1) = 1) + k,k,sinh(k,Dsinh(k,1)]1} +

¥ { 2Qp,
(4k) - K ks" B Yo k,pos

kol k,sinh(k,D)(1 + cosh(k1)) + 2k, cosh(k,1)sinh(k1) ]},

5Lk, cosh(k,{)sinh( k) - k,sinh(k,I)(1 + cosh(k1))] -

’ T 20.”y
Y= ‘z%{—
4}{) — kz Po

[(2k% - k) cosh( k,1)(cosh(kl) = 1) + kk, sinh(k,1)sinh(k1)] +

RoYi k)5 al k,sin(k,Dsinh(k,D) — 2k,cosh(k,1) (cosh(kD) - 1)} +

yP- { 20n,

G iy hksinh (D (1 + cosh(kD) + (2K; = K)eosh(kDsinh(kD] +
y = z * o700

kial k,sinh( k1)(1 + cosh(k,l)) - 2k, cosh( k,,l)sinh(k,l)]} +

o 2 9 2 2

v 2 rkz)k {p (i#;[2k; sinh(k,01)(cosh( k1) - 1) - kisinh(k)cosh(kl) + kk cosh(k,D)sinh(k1l)] -
y = My ¥ 0y

B yikisal kX sinh( k1) + Zkisinh( k1) (cosh(kl) - 1) - kk, cosh( k',.l)sinh(k,l)]} +

y'p. 2Qpu,
(4k - KD ks By pok.s

5[ kk,cosh( k1) (cosh( k1) - 1) + (2k% - k3 )sinh(k,D)sinh(k1)] +

Kal k,cosh(k, D) (cosh(k,I) - 1) - 2k, sinh(k,1)sinh(k,D)]1}.

2
T, = @F :ki)k,s{ﬂcz. }%'1:052[(2#, + k2)sinh( k1) - 2k, k,sin(k,)cos( k)] + klal k,sin(k,)cos(k ) -
k sinh(kl)]} + 2’ 201 124) - (cos(2k.0) - co h(kl) +
¥ z (4ki + k::)sz ﬁ:y;posl ] s 5 8 z
%’ Q/l, . . k,a . 2 2y .
G kﬁ)k,k,ﬁ{ﬁﬁ s Lhain(bD) = ksinh(kD] = 5[ kksin(2kD) + (2K + E)sinh(kD1} +

2
y Onu\ 2 2 . .
T ki)k,s{‘pg L2k, = EDsinh(kD) + kk,sinh(2k,1)] +

Kia[ k,sinh(k1) = k,sinh(k,1eosh(k,1)] } +
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e 20k, 4 ;
Yy ( O—&{—- + kia| (cosh(k,l) - cosh(2k1)) +

(4k2 - ) \BiYapos”

r2

(4K, - k2) k,ke.s> L B3 Yaposs

Y { 298, 5[k, sinh(k]) - k,sinh(k,I)cosh(k,1)] -

é k,ai(Zki - k*)sinh(k,l) + Fs‘-_,__;(zsinh{zk‘f}_l} -

2
LI Qu., + Ba7ipokis*a(l = cosh(k,l))Isinh(k,l) +

kzPo 83

2
3
2

P = 44k + ) p,

Tp'a[cosh{(k,l) - cosh(2k,1)] - p?

ﬁ(sinh( k,l) + smh(Zk:l )) N
S

1
Ba7e

x {20/1,[(41:2, + k) + klcos(2k,1) - 2(2k% + k*)cosh(kl)] +

BYipohisal (4R + k) - Koos(2k,01) - 4k cosh(k)]] +

xx'k,

(4K + K kpos

’2

4K (4K + k) pos’

(2Qu. - Bivipokisia) » (k,sin(k,)cos(kl) - k sinh(kl)) +

x {200,148 + K) - Koosh(2k,1) - 4k cos(k1)] +

B7Kal (4K + k) + Keosh(2k,D) - 202K + k)eos(k1) 1} +

2

-y
4(4k> - k2)p,

{204,141 = K) - Keos(2k,1) - 22K - K )eosh(kD)] +

BYipokis'al - (4K - k) - Kloos(2k,0) + 4k cosh(k1)]] +

e (2Qu, + B7ipekisa) - [k sinh(KD) — ksinh(k)cosh(k1)] +

(4k_2v - k) p, k,s

’2

44k’ - K) lpk3s®

y ){ 20x, (4k2, - ki) - kicos(Zkyl) + 4kicosh( k)] +

Bvial(4k: - k) - Kleosh(2kD) - 202K - K )eos(k1) 1} +

B )’ﬁ[%cosh(k,l) - %Bﬁ)’é 2s*a(cosh(kl) - 1)] (cosh(kl) - 1)

2
P, [p(]:—#s}cosh( k1) - Ba¥ok.sa(cosh(kl) ~ 1)]Si“h(krl) t
0y
p.[  20Qum
5 [W(l +cosh(kl)) - a(2 4+ cosh(k,l))] (cosh( k) - 1). (15)
oforoR,;

5 Discussions

It is a very complicated procedure to calculate the
nonlinear transport of intense pulsed beams. Because the
electrical potential of the beams depends on the beam di-

mensions, and the beam dimensions are related to the

electric potential also, we should solve the problem by it-
erations. The procedure is: first, provide the initial beam
dimensions, then calculate the self-excited electric poten-
tial. Next, calculate the particle trajectories, and last, go
to the second step. .. After several iterations we can ob-

tain self-consistent solutions of the particle trajectories .
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