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Nonlinear T r anspor t of the I ntense

A h À act ì Ee paper pË , eats ² e nonl inear wansPOEt d the intense puh ed charged par6cle beams anal ymd with ² e U e algebraie

method . Th e pÄ i cles am suppo- ed Ø k disM buted in 3D d mem ional eHip-oid in Geta-sian Em m er . m e analysis Ê pezformed for

map zeUc quadrupolee , and is · milar for di pole- , seztupoles and other opti cd el ements .
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1 Introduction

àAEen the pan i cl e energy is l ow and the beam cur -

rent is hi6 1. the space chazF fOEm s of the beam can not

be iÁ omd . h the i ntense acceleratom , such as medical

pmtm l inear accel eratom , accelerator dd ven sub-cri t ical

system and Ö £n , the nonl i near tmImport of i ntense

beams d ould be taken into account , ú ú a the hid z

beam t ansmission cm be obtai ned . h thi s si tuati on , ac -

cumcy cd etEl ati ons for the paø cle traj eetories are veÉ

compl icated .

111em m usual ly two waé to calculate the nonl inear

tmnsPOEt for the i ntense beam :

EMEmed eal method ( solvi ng ad ds and calcul ati ng tra-

j ectories ) and anal yti cal method . 13Ee fonner one is

oh en used for shod beam tram pon system , such ó

Em attmcti ng 8ystems of ion soumes . Because of lazÅe

m m Ç needed in nuEnem al cal cul ati ons , axzd Ï i cal

method i s convenient for the veÇ long beam l ine cal -

cul ati ons .

IAe al gebrai c method[1] pmvi des a good tool Ø study

the nonl i near tmnsport d i ntense beam . Ò1e key pmblem

i s how to m pmss the self -excited potenti al s of the beam .

Because d iEemnt pan icle phase space di strt butions have

diEem t potenti al s , they wi ll evolve ÷ × the pan icl e mo-

ti ons. Di gemnt di std bution h neti ons of charged pan icle
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beams cm be chosen Ã di stributed in phase spä es in k -

V , parabol i c or Gaussian manner , etc . 'IEe pan icl e dis-

tz² uti on × nd on i n 3D di mensional ell i peoid cm also k

chosen as pam bol ic , Gaussian or uniform . Gaussian di e-

tri but ion functi on m 3D dimensional d upeoid is used i n

our anal ysi s .

2 Hami ltoni an and its expansion[2;

h the Can esim £oordi nates ( z , y , z ) , the E² zï Ito-

ni m d a paø cle m É ti me t as m independent vazt able is
He = [ mk 4 + c2( p z - qAse) 2 + c2( py - qA 7) +

c2( ps - qAz) 2] t + qÁ , ( 1)

when mo i s the rest energy d a particle , q the ehaE¬e ,

p Í , p y and p z the L y and z compom nts d the pan icle

canoni cal momenta , mspecti vely , Ag , Ay and Az the x , y

and z Þ mpom nu d the maÁ etic vector potential , é the

electric potenHal , C the l id zt velÞ iw . Hem - the canoni -

cd vari ables am q = ( Z , y , z , p z , py , pa ) .

Intmduci ng the var iable p , = - H a ( Ó, y , z , pz , py ,

Pa; t ) and solvi ng pz hwm Pe , one obtains

K = - p a = - [ ( p a + qé ) 2/ cz - m; c2 -

( Pa - qAaz) 2 - ( py - qAy ) Z] Â - qAz ¤ ( 2 )

Deg ne the new canonical vaEt ables g = ( ´ , y , Ó, z ' , y ' ,

Pv ) Ã



Ú 10Ú

T - z/ · ,

. ( 3 )PJ po , y ' = py/ p o , pv = PT - P T ,

wheEü T = ct , ¬£ = c/ ® , uo i s the veloci ty of the Eüfer-

ence pan i cl e , Po the momentum d the mh mnce pan icl e ,

PT = p s/ ( p oc ) , p 3 ti le val ue d PT for the mfemm e pa t i -

cle . Under the tm sformation expm sed by Eq . ( 3 ) , the

new Hami l toni an i s

H

z = Æ, y = y , Ó =

´ ' =

=- [ (pv+p: +24)2

( Ó' - qAJ p e) 2 - ´ y '

qAJ p o - ( Pr + p 1 µ/ 9 . .

For the mag zetic quadm poles ,

( G i s the magnetic fl eld g adiemt ) ,

el ecM c potenti al of the chaEged pazHcle

Gaussian di std bution is

é

I 7¤d

amE- -
-

¤¤upi - (ó t E+ó ª þ ;;J j £
4 ¢/´ 2xeÐ }42² +eMSZZÃ: + Ä ¹ ú

À 1em I is the averaee beam euETent d the beam bundles ,

TEf the beam pulse mpet it ion ped od , X , Y mzd Z the mm

pul sed beam di mensions , and y o = U e

Hami ltonian becomes

! (pr - ¥ +21)2
H = -

¢ (y2- t ) - (pr +p:)/Po (6)
- , , £

Expand the Hamil tonian M Eq . (6 ) about the Ö Ei ¤

we havel i bd um orbit ,

3 FiE3t order approÔEnation

Ò1e li near map M 2 i s expmssed m

M 2 = exp ( - : ù : ) , ( 10 )

É em :ù : i8 the Lie opemtor - When acting on m other h nCHon , i t peEf ornm Poisson bracket operation , and

A z - l H z , ( l i s the l ength of quad rupoles) . ( 11)

U t the subscztpt " 1" express the f lmt OM er term d the map , and M 2 ç on the Þ mponenu of the ini t ial cm onied vari -

able g , one obtai ns the a mt Od er appmxi Enation sol utions of the pan i cle tERjectod es , expmssed in maut fom Ø
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2 ¶ ,H -
-

wheEü

ç =¼ ,

~

HI =- pe(? ® ,

gÁ1l d +ã ý É zf i - d £ ã ©} £2 1p, Y F-s f T 2 É po T p' s f T

Ó22QP; Ã;11Á1(Ó'2+ y× + Ô poSP +

Pr¹ã ¢ '

z Qz¤ . QÌ=- zpi z;hÉ:þfF p;U J -

( Ó'2p×+ yA¨ ÷ Ù- ä r ñ -
4s p, s

pia
º ¶ ;Ô'

H2

EP
W po)2] ì

44µ

- x2) ea

m d the selfexcited

beams for the

A=; (yz H3

~

. . . . . .

and

a =

s =

qFa/po -

[ ( qIi fpo

1/º ,

- 1fA Y - 11(ó Ô ) ]m

(S) qI716
8,rl a JQ -

-

de
J (2XZ+ e) (2ya + e)(2ZZYZ+ â '

j de
Øxg+ Ä J OZg+ â £ ² + e)(2zt yz + â '

j de
42ò + e) J Oxg+ Ä (2² + e)(2ZZyz + Ä '

f - 4 deJr o p yz + Ý ¢Fo x- + e)(2EA+ Ä (2ZZ yz+ e) .

,a gUJt Ù.

®. 2

»½ ú
Fty =

,at s
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¾ " (kat)eo¤( KBt )

ksasin( KJ )

0

0

0

0

' ²

where

k:

4 S e c o n d o r d e r a p p r o Ô m a t i o n

Ò 1 e s e c o n d O M e r m p M 3 c m k e x p m s e d Ã M 3 = : ª : , ë e r e

A=-jwh )² =-jMAUJJdZ1 (Ð
U t É e m p M 3 ä t o n h l i n e a r s o l u t i o n C I = ( ® , È , ð , ¼ , T I , p v l ) , o n e o b iMa i n s t h e s e c o n d O M e r s o l u t i o n s 5 2 ( t h e

s u b 8 c r t p it " 2 " e x p m ò ò t h e 8 e c o n d O M e r ) o r t h e m a p . 1 1 2e EÊ , azl t s a , l m e d Ø t h e f O H o w i n g :

= 2y Æ 2 {Z Z ã ÷ [ô 2Ã lkÒ½Ø:µé sÉm i n (À IkkÔEÉÚÔasJÑ̈EJ̈ lOÔ )X ( cØÐ £

4 k : + k : t P 0 IÊa aE

aE

E

¬A 0 YÔ ; IkÉôMEÚÔWÐôJ¬ÐsmÐÁÐ [Ø ¨ 1ktÒ: mÚ Ǿ kÉÈ s

Z p ´ f 2 Q yi
i ò 2 [ k z c e - ( k z t ) ( c o s h ( k j ) - 1 ) + 2 K A i n ( k g t ) s i n h ( k a t ) ] +

( 4 k : + lg j ) k j l p ; y ; p o s

ô [ ( Ú + O s i þ I ) s i n h ( k z l ) - K J z c o ¤ ( k z l ) ( Ð ( k z t ) - 1 ) ] ) +

Z F T { ÷ µ ÷ [ K A i n ( I Ez I M n W Es t ) - 2 1s s c o s ( l s s l ) ( Ø h ( k j ) - 1 µ ] -

4 k : + k i t p o k z S

ó Ô a [ u m ( k a i ) m h ( k a t ) + (Ð 2ÀÀ ḱ : + kù :Ç ) e® £ØÐ ." ( kÔ÷ zJÑ lÏ ) (Ø eØÐ oØÐ .dÝ th2

Z , p eei f 2 Q Ì

i m z [ K A i n ( k j ) ( 1 + e o e h ( k Ñ ) - 2 I z . c o s ( K J ) ¿ ö ( k ¨ ] -

( 4 ñ + k j ) k j t p ; y ; p o l e s S

Á { K J e m ´ k j ) ( 1 + Ð ( IEa l ) ) + ( À + k i ) Ø ( k s I M ¨ j ) ] )

f ' Q I 4
- { » ¤ ÷ [ ( 2 Ò + k i ) c o e ( k j µ ( £ " h ( k j ) - 1 ) + I z , ã , i n ( I E J M i n h ( I z j ) ] +

2 - 4 k : + k i i p o

M K : ½ [ 2 K M K J ) ( Ð ( k a l ) - 1 ) - ÉhM 8ÊéÚ ih E

Z P Ó f 2 Q YI
{ ² ' 2 [ 2 k Ë 8 i n ( k j ) ( 1 + c o d ( k j ) ) + ( 2 k i + k i ) e o ¤ ´ K . O ¤ i É ( k j ) ] +

¢ ñ + t M a s t ó y b a s

Ä [ 2 k s e o È Ó ¢ ¢ - W (Ø kÉU .J̈ I

fÑ 2 t0¤ Bhß Òé ,
Ã , { » - i [ 2 ñ s i n ( k j ) ( c o s h ( l z j ) - 1 ) + t s i n ( l h l ) c o s h ( k Ñ - k a k a C 0 ¤ ( l s z l ) s i n h ( k Ñ ] +

4 k : + k : I p o h - s

Ú Ð íß ² " í ë Ë ï í (HEP & NP)

£

o

o

e

£

o

coeh ( kyl )

IEys si nh ( kyl )

0

0

0

0

0

o

cosh( k l )

lsJ ; Ô s3sinh( lszl )

0

0££. ( kzt )

£

0

0

0

¨ ¨ j )
eoeh( kyt )

0

0
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p ; Ô k z s Á [ 2 k : m ( k a t ) ( c o e h ( K J ) - 1 ) - t s i a ( k s t µ + k z k z c e s ( k z t M n h ( k a t ) J j +

" p e { 2 Q Ì , [ ( 2 ñ + I d ) s i n ( I E S h i a h ( I E J µ - k Ë e o É , I h o e h ( k j ) · µ } +

¢ ñ + k j ) K J I ´ Ô # , , , ' h

b [ ­ ¤( k t ) (eoeh( kzt ) - 1) + 2M ( IEat )sinh( kzI ) ] ) ,

ò I A A

1 » © z [ - ( Z K ; m I s i h i n t z ´ k Ñ - I Å s e £ . h ( k y t ) s i n h ( k Ñ + 2 Ò s i n h ( k y I ) s i n h ( k Ñ ]

4 h i - k : t p e k y s

Pó ; Ý æ [ ù ¢ khÍ yJ tO ) (0 1 - Ð (Ô Ik¢EÚs

I 2 Qi Ì y z [ k a e o - h ( k y t ) ( 1 - 0 £ - h { K J ) ) +

( Û : » k i M J t a d h s

¨ ÷ EÚy lØ )éÚ s¿ ï̈ E

É : {ý ;õ ¼ ¨ WÐÐ )̈ ( cØo¶ÍÐÐ ed"Ý̈̈́ hM̈̈Ð̈ (ØÀØØ kÉÔ÷ ajÑIO) - 1 ) - k̈ sJ 8

ó ßÉ¢ aÐ [ (Ø 2 kÒ : É1 LkÒ : ) cØ £"́ .d l̈ yjÑ tÔ ) ( Ð (Ø IkÉsÚ×z

yY þPP¡ r I L v ÌJ i - y r y 2 [ k y c o s h ( I E y l ) s i n h ( k ¨ - I v i n h ( k y I ) ( 1 + e o - h ( k j ) ) ] -

( 4 k i - k : ) K J l , t v ; h y p . s

M M ah( kyi ) ( 1 + Ð ( kst ) ) + 2kyÐ ( kyOsinh( kzt ) ] ) ,

I 2 Q Fd 2 2
f 2 2 " : - k i i ¯ ÷ [ ( 2 I E y - IktÉÔ zJ )ô cØï £¶́ @dÝ »

9ãß ;U yÔ Í ä .ômima (ÔØWØ kýÔ÷EÚÔyJÑ tÔ ) s¿m÷Ð imÚÓndë thE( IkÉN÷EÚÔ× sJÑtÔ ) - ¶ ÐÐ ( k¢ yJÑ̈tÔÔ )x 4 ÐÐ ( UØ J - 1 ) ] ) +

I 2 Q
i Ì y s [ k y k a s i n h ( I E y l ) ( 1 + C 0 ¤ h ( k j ) ) + ( 2 k : - I z i ) c o s h ( k y i ) s i n h ( k z l ) ] +

( 4 k : - K D k z s l p ; y ; , . ,

£ [ É ÷ ( k y t ) ( 1 +Ð cØØÐ £"ÍÝ .½Ð hÔ ´

y , tT . I Û A

i - f z [ 2 k : M a h ( k ¨ ( Þ s h ( É t ) - 1 ) - t s A n h ( k Ñ c o s h ( I s Ñ + k y k s c o s h ( I E y l ) s i n h ( k j ) ]

( " : - k i ) k y l p o k y S

F ; Y ; ô [ b

y , p Ó f J4 Q y a

{ - v y 2 [ K F I Z z c o e l z ( k ¨ ( c o s h ( K J ) - 1 ) + ( 2 k : - I E O s i n h ( I S y l ) s i n h ( K J ) ] +

( 4 k : - l s i ) I EJ l p ; y ; , - k s

£ Ó Ð ( kyt ) (Ð ( kzI ) - 1) - 2kysiö ( kyl h iÐ I ) ] ) .

= Ð : ½ J d ; J [ Ð + æùíÉ )éM8¿i¢ kýÝ÷ ,J̈IÏ ) - 2Ï kðÔ­ØaJË̈kÉô÷ aJAsÊi a ( IkEÚÉ,sE

ª zm Ý4 , f 2 Q F É 2 }

¢ ö ( k ¨ } + " ñ + O s s ( M P O S Z - Ð ¤ ( ï ( 2 k sz t ) - Ð ( I Ez i )

Ð þ ; ) M s s k ; þ á ¤ { ç Ê ) - É Ð k st ) ] ë [ IEJ sa i n W ) + ( À

y 2 { - Q Ì y z [ ( 2 k :

( 4 k : - k i µ k s l p ; y ; p , s

ùÐ [ ôM iñMndl̈ J ) - k Ø

yz

Óz
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+

+

+¢ ¢ ¢ ]}

- Izi )¤inh( KJ ) + kyIv iah(2kj ) ] +
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Z
ZF rEJ L

Ò ÷Ú[Ìe 1 - - FÛe2tíÔYß: kJ

z z { 2 QP a [ ( 4 k i L E I } J K ! " ¤ ( 2 KJ ) - 2 ( 2 k : + k i ) c o s h ( IEzl ) ]

- 4 ( 4 k : + k i ) p o l P

É;Çp.5:" [ (4hU 23) L ñ Ø (2kat) - Ý Ð (hj )]} +

z z '¤k z ( 2 Q Ii z - p ; y ; p o k : s 2 Á ) ¤ ( KA i n ( k st ) c o s ( k at ) , & J i n h ´ É t } )

( " : + Isi ) h ap . s

3 ¶ { 2 0 , , [ ( 4 k i + k i ) - k i c osh ( 2 k st ) - 4 1si c od k al ) ] +
4 k i ( 4 k i + k i µp , s l Ï

pb i de[ (4ki + ki ) + kicosh(Ì ,t) - 2(À + ki )Ø (katµ]} +

Y J ! 2 0 P y [ ( " 2 þ h f µ - k i eè £ hat ) - 2 ( 2 hi - m eoeh ( KJ ) ] +
4 ´ " i - Isi Á , t y

M h u É (4k: -1Õ) - í £Ø 71) +41ö h(IEzt )]} +

pÉ

yy'ks
( 2 Q147 + p : y i p - k 1sz a ) ¤ [ k ysi nh ( k al ) - kzsi n h ( IEyO e£ d z( ISyt ) ] +

( 4 k i - k i ) p e hyS

y ' z I h A 2 2 2

i - 4 [ - ( 4 k y - K J - k a ï £ N ) + 4 k i e o - h ( K J ) ] +

4 ( 4 Ò - h i ) t p e R yS

M a { (Ð - £ - ¨ ö Ä k t ) - X ¨ - k̈m!Ô) Ø (ØhÉ÷ÚajÑ̈tÏ̈ )Å] )· +
Ú YªÐ :4 [ ¢¢ z ¤Ð h (ØÏØW kÉÔ÷ aJÑtOÉ )· .- . Â̈¶ Fó : Ô Ø £"Ð .

µðÐ rJ !À ;̄ ¼ù ÐÐÐ (Ø kÉ gJI£ )· - ¢̈ ÉôW æÚ× (ØÐ £

ÉÐ | ûúþ FñÚ 4J ( 1h + eÐ £̧́ .d h (Ø kÉÔ JÑ̈tÔ )Å ) - aØ (Ø2 + eÐ£"ë .d h (ØØ kÉÔaJt ) ) | (ØØØ eØ§ £" . ! À , t h 1 ) .

¡ Ó l p : y b , k i s l

5 Discussions

It is a veÇ compli cated procedure to calcul ate the

nonl i near transpor t of i ntense pulsed beams . Because the

electrical potenti al of the beams depends on the beam di -

mensions, and the beam di mensions are mlated to the

Ú 27í

+

QÌ z + p; Ã; poIE: saa ( 1 - eoeh´ kj ) ) ] sinh( kzl ) +

+

(15)

elect ri c potenUaI al so , w e shou l d sol ve th e p m b l em by i t -

erat i ons . Ú Ie p m eed u m i s : f l mt , p rovi d e th e i n i t ial beam

d i men si ons , th en cal cu l ate th e sel f - exc i ted el ect r i c poten -

Hal . Next , calc ul at e t he p an i c l e tm j ec tod ü , an d l ast , go

to th e sec on d step . . . A f ker severa l i t em ti on s we cm ob -

tai n sel f - consi stent sol u t ion s of th e part i cl e tm j ectod e- -
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