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New Realization of N = 2 Supersymmetric Quantum
Mechanics and Shape h variance
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A M M ct 'I TEe new su pe rehaª eg m co nsbm ete d an d th e we igh t h d on ia deh ed to ¢ dy th e N = 2

one- d i mens ional SEEpemy mm em e quanM n mechan i cs . s ever al eÊ raPIes am a m u- - ed M tb e n à reaHó -

tl OE1.

Key WOE-da

an v a r za n c e

1 I n t r o d EEd om

Whi le studying the dynamical bmakin g of supersymmetry , i n 198 1 Wiuenl l j constr ucted a sim-

pk , but not td vial model- » - SEEpemyzym etd c qum u m meetm ics ( sgQM ) ½ , nm ely a sysM d

N HemIi t ian supemhazÅes Qi ( i = 1 , 2 , ­ , N ) and SEEpemymmetric Hamil tonian H , sati sfying the

fol l owi ng EªEl ations :

i ¶ , Qj i = 2 HSe , [ ¶ , H ] = 0 , Q: = Qi ( i = 1 , 2 , ­ , N ) . ( 1 . 1)

For the N = 2 case , Eq . ( 1 . 1) cm h expressed al tem auvely ,

i Q + , Q - | ;= 2 H , Q: = 0 , [ Q Ã , H ] = 0 , Q: = Q . , ( 1 . 2 )

by introduci ng

ð = ÷ ( Q 1 Á i Qz) ( 1 3 )

'IEe pmblem of constm cting the mal ization m m impOEtant one i n study of · QM . In one-di mension-

d azzd N = 2 cases , the mal izat ion d SSQM i n common use is given by the fol lowi ng fom1 of super -

charges :

ð = | ó ¹ + W ( z ) | ó , ( 1 4 )
L U ª »

and the supersymmetri c Hami l toni an is
s 1 i d L W '

- - l - ? Å + W l I + » - 6 Ö , ( 1 . 5 )2 1 d õ 1 2 3 ,

where W ( x ) i s the supeEp otential and the Pad maut ees am e ven by

i 0 11 - i O OK
ó = Â ( Ò 1 ó i Ò 2 ) , õ = l l , Ò = l l ( 1 6 )

É 0 0 1 É 1 0 1
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Here we mll ¢ dy a new kind d real igation , which × ll include m m Á ê ,d ea ù d m -d .

menSional nonrelativistic qum u m BEechm eal sya em in the framewoEt OS N = 2 SSQM ( sed m 2) -
We will audy the mlevant Hamiltonim Heramhy and shape invadm ee ( sed on 3 ) m d some exam-

ples ( section 4) .

2 New Realization

Recen t ly m a u d ied m a new red m uon ¶ S Q ± ' ] . su zm g h m th e gen eral i m d m pep

chazÃes

d d
Q I = ( M 16 1 + N e J E + k e I + ì , Q 2 = ( R I Ð + Se z ) E + YK + VÖ , ( 2 . 1 )

,ø ere M , N , K , L , R , S , T - nd V m ( ££ë la m F a e al ) × net i om d z . Fm m tb e aleebm -

ic a m Ø m d S­ ý , nam ely Q i = Q i = H and | Q 1 , Q 2 | = 0 , m à ob tai n th e re l at ions amon g

th oee h EEEd om :

C ase ( a ) S = M , R = - N , T = - L , V = K ;

Case ( b ) S = - M , R = N , T = L , V = - K ;
( 2 . 2 )

c . . d c ) N = i M = ó i s = á R , T = á L , V = î k a

C ase ( d ) N = - i M = ó i s = ¢ R , T = ÷ L , V = á K .

h m easy Ø m e th a , th e Case ( b ) i s ph y- -eal l y eq u i valen t ­ th e Ca- e ( a ) z and the Cases ( e ) an d
d2

( d ) w ou l d l ea d to th e H g ex c l u d i n g th e » Ó t e r m , c o n se q u e n t l y a re n o t p h y s i c a l l y ac ce p t a b l e .

G Z

W e , the ref £" ' coul d adopt th e fol lowi ng d otee d É e Case ( a ) an d th en th e m perc harges cm be
,vz-zt ten aa

Q I = ( M Ò1 + Ne J r h l + h 2 , Q z z ( - ² 1 + M e J j h l + h 2 ,d

( 2 . 3 )

or al t em au vel y ,

Qì Õ = dÐ [ (¶ M - ï N ) ê + K - í L£ !ÛÍ Òõ ÕÜ , QÁ . = dÐ [ß ( M +̈ i N̈ ) ê + K + ī ILd

( 2 . 4 )
öÄ zØe fÙ£dlHIhoì nÖg eqµEuB¢ ¶ d the i m a - pm d uct sb ou l d b e - m d ed d ue t£ the H ezï u d t y d m p ercha r

es , Q : = Q a, or

( é , Q dé ) = ( Q s× , é ) ( i = 1 , 2 ) . ( 2 . 5 )

W h em , th e i nn er p rod uc t i s d ea ned "

( Ê ) = j f ( ¨ p ( ¨ , ( z ) d z ( 2 6 )

an d th e red h m u on p ( z ) Ê th e weid zt h d À , É i ch Ê Ø k etw en together ÷ × M , N , k

azzd L , saUù i ng
M + M - z 0 . N + N . = 0 ,

( 2 . 7 )( K ¤ - K - M ¤ ' ) p - M - i = 0 , ( L ¤ - L - N . , ) p - N - p ' = 0 .

Eq . ( 2 . 7 ) m der ived fm m Eq ¤ . ( 2 . 3 ) , ( 2 . 5 ) and ( 2 . 6 µ . h u e® ­ see fm zn th e ab ov e

eq uaHon that M and N m pu m ly i m Þ n aß , , ± ù iù
N . ( K ¤ - K - M . , ) = M . ( L . - L - N . , ) , ( 2 . 8 µ

and p eou ld h d ved
t f k . - K - M . ' k i f L . - L - N . , ¢

p=Ç! ! M. dÐsmp! ! N. d² ¤ (2.9)
ð (j k- 1 .- M¤'dz) a mPU L- õ - N¤'da)

-

-
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. C ( B + B ) . ( B - D )
N = 1 » . k z . L = E .JT 2JÔ ' 2JE 'H · ' = 0 ,

then we have

(cê +B)ó - r eî , Q- = ( - c ê +D)6¤QÕ2

h this case ,

and the supeE, ymmetEtc Ham ltoni an

H ¿ = Á f n z d +
J E l - õ þ þ

C´ D' Õ g ) i H.
F¤ Ò®¤¤ t £242 ' 1 0

U is is the new maug. uon dim med M ª M wmt .
duced to Eq . (1.4) ¤ C = 1 azzd B = DE W.

3 N ew H am i l t oni an EB erm ´ y an d Sh a p e I n v a r i an ce

Using SuKEEn1® ¢ methodMU we cm constmct a Hami l tonian hiemrehy | H . | n z 0 , 1 , 2 , ­ l

wizen the H a cm k mpmsented by

H . = H ; + t = Â ¨ + E : " = 0 , 1 , 2 , ) ,

1 1 1 )
² = H L I + þ 1 = Â É A ; - 1 + E t I ( FB = 1 3 , ) ,

m th the defI ni tiom d A : :

A ; = c t + B u A ; = - c - z + D a ( FB = 0 , 1 , ) ( 3 2 )d

I t h n´ dim cul t to Snd :
1) Since m az² i ï ® one--di mensional Hami ltoni an m É second order ded vati ve cm be factor -

ize d Ø H = A + A ¤ + r , and cm be adopted Ä Ho , we can d ways constm ct a Hami l toni an hier -

amhy | H ml including a ceEt ai n Hami l tonian as Ho ¤

2 ) Ä e FYEtiI eigenval ues E ? and the mth ei genametions × ? of the Hamil toni an H m am l inked

by the fol lowi ng EªElati ons :
E ? = Et f ; = ­ = E; Ð ( m = 0 , 1 , 2 , ­ , n = 1 3 , 1 ­ ) ;

×7 a

3 ) Two neiå boqd ng Hami l toni ans in the hi eran t1y ,

H ; ) am supersymmetric panner Hazï l tonimm, i .e .

?=(H; ?)
O H 1

4) H the hiemmhy M : |n = 0 , 13 , ­ l cm h pammeu imd by

H; = ÂA; (Æ,aa)Ai (¨ ), H; = ÂA; (ZJ J A; (¨ ),
whem

d df ( Ï , a J = c u , . . ) ý + B ( ª , a J , A - u , a J s , C ( ´ , a J Z E + D ( ª , a J , ( 3 . 6 )

Ú 26íß Ü ï í ë Ë ï í (EEP&NP)

whem B , C and D are Eüal hmcti ons of z ,

( 2 . 10µ
. A- 6.

(2.11)p z

BD + C { D ' - E ) l I
2 l E +

(2.12)

Obviously , supercharge- Eq . (2 . 10) MIl h re-

(3.3)ô Ú1¤ì AL E A i -2­ Aj È Ðu m-- ´ ] ­ [ E:"

Ha and HM1(oh m m exactly H; and

´ 3 .4 )

(33 )
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and the shape invariance eondiHod -l
A¤ ( z , aÇ) A- ( ª , Á. ) - A- ( Æ, ¤.. 1) A¤ ( , , a.. 1) = - 2R( a. ) , ¤.

£.r
C( a.¤. ) z C( é, a, ) = ­

D( ª ,ae) - B( ª ,Á, ) =

D ( z , a . ) B ( ª , a . ) - D ( z , a . - 1) B ( z , a . . E) +
C ( z ) [ B , ( Æ, a . . 1) + D ' ( z , a . ) ] = - 2 R ( a , ) .

am sa id ed , then DB + CD , and DB - CB, am © l l ed ¤hape invaztant potenHa18 . An azM tmzÃ

Hami l tonian H ÷ × a shµ e invaziant p©eaHd em h factoztm d in the form

H = Â A ¤ ( ¿ , ao) A ¤ ( ¨ , ) + U E H o , ( 3 9 )

sati sfying the shape im arian£e conditi ons Eë . ( 3 . 7 ) £, ( 3 .8 ) , and É e eigenvalues and tbe eigen-

states cm be easi l y sol ved :
Hð z r ð or FFe× . ( ª , ao ) s a : ð ( Æ, ao) ( n = 0 , 1 . ­ ) ,

m = ´ z Z R ( a h) + ­ ,
( 3 . 10 )

é . ¤ ð ( Æ, a, ) ä A ¤ ( ª , ¤. ) A ¤ ( z , @E ) ­ A ¤ ( ª , ¤ . . , µð ( z , a . ) ,

A - ( Æ, a . ) × , ( z . ¤. ) = 0 .

4 ExamplÊ

1̈)³ we tu²a
d t + 2 e2 . d l e2

; = » + » » - - » » » A - » » ( 4 . 1 )t + 1" - - E + 7 t + 1'

when e is Ø be inta pM ed u tbe d a, d the deÉ Ä . m is a a µ »e -bows the super-symm Me
swucture d the radial Seh¬ dinger equaion d tbe hydmgen aom,

1 f d2 2 d t ( t + 1) 2ez1
HtRd = E l - p - 7 á + rz - 7 l Rd = E.R-d . (4 .2)

2) We take
t + 2 t

G = 1 , B t z - » - - , , , D s = » - Ø r , ( 4 . 3 )

r

t hen

» d t + 2 . d t
h E + 7 - ¡ A , = - u + 7 - M ¤ ( 4 ¤¶ /

u isexmpleÉÝ ×esu± metdcô chamd h M d Ê ½ matm Ø th/ -
mem oszal i som etd c harm a i c oä i l l a ü ,

l I d 2 d t ( t + 1 ) 2 2 1 /
H t R ¤ - l - + z + Ø r l R - E R . ( 4 . 5 )- 2 l - F 7 ¯ , j d ¤ ¤ d

u e d eta i led stu dy d em znp lÊ 1 ) and 2 ) has been sh own in ou r pÓ v i m s work ' m d th e shape in -

vad an ce m stu d i ed i n Rd . [ 6 ] . Ef ez- m ° n a u d y the fol l owi ng i nterest i ng exaß re .

3 ) Ê Ee Sc hrodi nF r eq uau on m a CUR ed µ - ee .
k a taYam a[7¤¤] stud ied th e Schrod i nger eq uati on i n a 3 ¤¤d i mens ion al spac e d constan t c uw aEu re

then
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= f (a..s) ,
(3.7)

f ( ¤ . . , µ ,CU µ,¤ = C( z .¤. ) . c ( s ) ,
= D( ª , az) - B( z . ¤1)

D( z , a. ) - B( z . ¤. )

a .

.

(3.8)¤ - 2g(¨ ,

(4 .2)

(4.3)
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K . Th e classi cal Hami l tonian of the harmonic osci l lator is

÷ × the momentum

Pt

and then the quantum mechanical one is

H
=Å (1+¿k rz)2¤ ¿K(1+¿KF2) ÷ Öt

(1-ÂKr¬©2

wÍ heÏ EÓØ P is a coEnÍE

Ö» = g ( y ) c£s8 , x z = g ( y ) si EEOCOSÁ , Ö3 = g ( y ) si EEO si n Á ,

whem

g(y)

the Schrodinger equai¸ , H4éðhA. = E
1 ÷ + » É ø L - Ð TEÖ t + V ( y ) ! × dl - » ® Ú ) a l

2 3 y l 2 G ( y ) G ( y ) a y j

where

Ah er sePan-ting var iables

we get the radial equationl l d Ç) dJ h́ h¡ E - Gy y Ò 2GZ(y) ¸

For the k ´ Ocase, let x =J ¡ Ey,
· ÷ d l(ti 1) Ãl u- T- 2 c oth Ã » - + - - R - - - - Rd x A d z ei a h x u ¤

Ú 26íEfEP& NP)ß Ü ï í ë Ë ï í (

Â(1+t KFE)Ò÷ ?+(1- t k r2)-z
(4.6)92H =

(1+¿u )-2à
1,2,3) , (4 .7 µ

~

-

-

as+

(4.8)

(4.9)

ü (Ê ) ,E® - -
JEK

K

K

µ 0, 0 ® y

s 0. y h O

´ 0,y zp O

(4.10)

(4 11)E .é .t ,

h - i ii Ùà (-M à ) - ii¥Ùò; (4.12)

þ ± J Ey)
RY2

- f tanh2(F Ey)
ó i ø )
y
þ sæø )

= RÌ y) Yj(8, ' )

V(y)l Rd(y)

K

K

K

K

K

K

µ 0

2 0 ,

´ O

µ 0

0

´ O

(4 13)V(y) =

G(y) (4.14)-
-

(4.15)é¨ y , £ , ' )

´4 . 16)E.Rd(y) .-

-

(4.17)
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We have the weiOt h nCHon p = sinhzx - For example, we eizooee Ct = 1, Bt = ( l + 2)cothÖ +

üò 5 ß
Ë ± Ö and Dt = Ð + Ë ´ , ë̈ y Pa®mm­rmmaóE

C( Ö, ae, b, ) = 1,
B ( Ö, a, , b, ) = ( t + Áa + 2) cothx - batanhÖ, (4 . 18)

D ( Ö, ¶ , b, ) = ( I + aa) cothx - batanh x ,
when u 0 , 1,2 , ­ . h is easy to check that Eq . (4 . 18) saud es the shape invari ance conditions

Eh . ( 3 .7 ) w ( 3 .8) , in which
C( Ö) = 1, g ( Ö) = cothÖ, R( aa, b, ) = 2b, - 2( l + Á, ) ,

= f (a.)

= h( b. )

¡ EEES,

=Âr (x,aoJ o)A¤(Ö,¨ ,) + n

1 { û d2 %ALu d A t( t + 1) A i 2A J ´ i .» d u
z i - dx - ­ Ð í T m hZX T I F - - r ! ­ ª

¡ 3)Ö +t(
and is exactly solvable . Ò 1erefom

üFf eé' ( x , . . , beh - E W x , . . , bo) ( s = 0 , 13 , ­ ) , (4 2 1µ

E; Ef É ze
- » = - » - × R M , b J - ¹ = 2 s b o - 2 s l - 2 s ( s + 1 ) - 2 , ( 4 2 2 )K K - ð f a

éa( Ö, ao, bo) × A Õ ( Ö, ao, bo) AÕ ( x , a E, bE) ­ A+ ( Ö, Á¨ , SJ. , µ×' ( Ö, aa, b, ) ,

¢¶ 1e re

Si n h a- -- x
× ' ( x , ¤ . , b a ) ( 4 . M )

× " - U Ö

has been deri ved fmm A ¤ ( x , ¶ , ba) õ ( Ö , ¶ , ba) = 0 . 'IEi s is the sol ution d the hammnic oeciL

l ator i n the curved space ,

HÚ ,¨ ,) =; 4 (x,¨ ,),

H =

÷ ×

whem

We cm dertve

343º ¿ Ó ª ¿ Ä Â µ Ö Í Î ´ » ä Ô2¬ Ô:

a, + 1, ae = 0 , a, =

É- 1, bog- Ö
s ,

(4.19)

1 tl + 2)l - à ' (420)

(4.23)

(4.25)º d Ï A d t( t + 1) 2Â I 1þ l - 27 - a mnx É + m tf Ö + F m n xl

" , J ZßF - - rÝ b: + b, , (426)-

-

bo=- i -t JÅ +2ù (4.27)

r E; . (2t +3)A r t{t +2) . E:
4 É - 4 »- K = - K T 2 ' ¤ - 2 þ K
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( t +2s+Å)be- 2d -

( i þ2s+: )J Ó +2P+5 [ (t +2̈ +3(t d s) +3 l ,r =

and éa( Ö, Á£, bJ M the same Ø M Eq. (4 .23µ.4

Iat n = I + 2s ( s = 0, 1,2, ­ z n = t , t + 2,

into another notaHon,

Hð ( Ö, ao, bo)

wheEü
ð ( Ö, ao, bo) =

E. = Et+2. = r

H we chooee

C( x , Á, )

B ( x , a, )

D ( Ö , as ) = ( t + a, ) cothx - P
¢/ ¡ ¡E( t + ð + 1)

then Eq . (4 .33) satid e- the shape invariance eona uom Eq . ( 3 .?) a ( 3 .8) " well ,

I F (21 + 2ae + 1) 1
R U , ) - » | + ( 2 t + 2 ¤ . + 1 ) » |

- k l 2 ( I + a , ) z ( I + a a + 1 ) z j

ð Ð = f ( a, ) = aa + 1 . ¤.

111e hierarchy d Hami ltoni an i H : | s = 0 , 1 , 2 , ­ ! ,

H : =

i s mlated to the Hami l toni an d hydmgen atom m the cuw ed space ,

H

1TEe SchE­ d i nger eq uat i on

i s easy t o sol ve ,

r + ÷ ( t +- 2( t + S + 1)2 2

éa( Ö, ¤. ) × A¤ ( Z ?a, ) A¤ ( Ö, ¤ , ) ­ A+ ( Ö, aa- E ) õ ( X , a, ) ,

r

wheEYE

Ú 26íß Ü ï í ë Ë ï í (EEP& NP)

( 4 .28 )

( 4 . 29 )

then thi s sol uti on × ll be changed

( 4 . 30 )

( 4 . 31)

( 4 .32 )

4( t + 2) Lh (s+1y;

t +4,­ ) ,

=- ù .(Ö,¨ ,) ,

sbtd . ( x , a, , bo) W( Ö, a, , be) ,-
-

(nV3)J Ó " +5(,zZ+3n+2)

( t + aa + 2)coth÷ l a p ,ª - J ¿?E( t + É '+ 17 '-

-

(4.33)

in which

(4.34)
= 0, a , g s

Â AÕ(x ,. . )A- ( XA s) , (4.35)

- 1 I - j L - h ~ 1 4 t( t f 1) - « µ z l- z l dxz » ­ EAdx ¤ .inhzx J ÓE l

+ i i r z - t ( t d ) !
K ( t + 1)

H; ( t = 0,1,2,­ ) . (4.36)

=- 54(XAe)HSF( x ,ae) (4.37)

÷ RUh)+i u ¸ )Z- ¡ 2)! ,r
k (4 .38)

(4 .39)

(4 .40)

-
-

, µ{ t + S+ 2)

~

g 0,1,2. ­ ) ,

×õÇ 'ø ( xÌ ,JÐÐ a¶Ø aJ )Ô ä 8 i núõ h

ù ll :J ¡ ¡EE(Ôt + s + 10r?}} j
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i s derived from A ¤ ( Ö , a, ) õ ( x , aa) = 0 . 'IEi s sol uti on coul d k wri tten in another notati on ,

Hð ( Ö , ao) = E .ð ( Ö , a , ) ,
ð ( x , ao ) = ð . " ' ( X ø?¤) î Ý' ä , a e) í ' ( 4 .4 1)

E . = E tØ 1 = r = - Z Ó + j f u 2 - 1) ,
2 nz 2

when n = l + s + 1 , s = 0 , 1 , 2 , ­ ; n = l + 1 , i + 2 , ­ . Ò 1ese exampl es show that the red u -

tion ( 2 . 10 ) cm h appli ed to seveml qum tum meehm ical ® stem wi th a spherical ly syBund rtc po-

tenti al i n a 3d meEESional Eucli dean spaØ Ã well m in a constant CUR ed space .
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