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AnalyticA n a i y u c s o l u u o n o f u r o u n d S t a t e 1IO r ß O U Bo m b

P l u s L i n e a r P o t e n t i a l »

Z HA O W ei - Q i n JU Ch ang - Sheng

( InSMute d Hi' Enerw PhySEes- WEe CMEW-ei Academy d scm m¤- Beij ine m m 9, China)

A M t - et m e newi y devetoped m eAe ï jeetoÇ quae m m meú £d is appl ied to solve dm F und , tate

quantum wave fur-em n foe COulomb pi m lmez p04m M I . t h geaeral asaty· e m PTe--Aom d É e e² 'ö

and wave fund ion for the F und state Me Ri ven . m e ronveEF nee d the Ôolutim m aiM discussed . 112e

method is appl ied Ø th F und state of the heavy quz komum m tm .

K ey wo,² sÖ le ú Jecto® quaÀ su re , e uØ d a ate wave tund oa , Couiomb PIE-- luzeaz p04enuaI

Recent l y a new meth od has been devel oped b y R . F r ied berg , T . D - h e an d W . Q . Zhao J1¤2j

to so l ve t he N - di mensi onal l ow --lyi ng qu m M m wave fu nct ions d k h £ di nger equaUon usi ng qu ad ra -

tu m al ong a 8ind e tmj ectOE7 ¤ Based m the expans ion m l / g , wheEü g is a sc al e fac tor exp Ó sei ng

th e st m ng h of the pd enUal , Seh rodi ngw e× lati oa cm k cu t i nto a se r i es d n mt ord er pa rt ial d if -

fem nt i al eq uat ions , wh ic h i s fu Et her m d uced to a se d es of i nteg ab l e a mt ord er oE² nazÃ d i g em m al

equ ati ons by Si nd F traded o® qu ad ratu m s . New pem zE² et i on se r i es exp am ion i e al so der i ved b- sed

on th i 8 method , b ot h f or Om - di mension al and AÉ di mensional case- - So me exam p les fo r one- d i men -

si om l pm b l em have been i lh mtm ted i n Ref s . [ 1 3 ] .

Cou lomb p l us l i near pot en t i al has been wi de l y ap p l i ed to d esc ri be th e heavy q uart on i u m state .

H owever . i t i s d im etal t to obta i n m anal yt i c a PEW - iØ d the en ergy an d wave h m CHon . H eÓ th e

Si nd e traj ec tOE7 qu ad ratu m meth od i s app l i ed Ø sol ve th e p wu nd state for COu lomb p lus l i near po -

tent i al . Ä e general an al yu c exp m siom d th e m mw and m ve f unct i on for the g m nd state aÓ e v -
en . T he conveE1pence of th e sol u t ion i 8 al so d i sc u ssed . 'IE e resul t i s app l i ed to desc ri be th e F ound

8tate of heavy quart oni a . Some d i sc ussions d th e l i mi ta ti on d i ts ap p l i c ab i l i ty are gi ven at th e end .

I a us consi de r a uni t mass pan i c l e mov i ng m a cen tral poten t i d . Th e Seh IËd i nger eq u aUon i n

the 3 ¤d i mensional spac e i s exPE- - sed Ø

[ - Â V Z + V ( ¶ V ( r ) = E V ( r ) ( 1 )

Based on th e si ngi e t raj ect oÇ qu adr atu m ma b od [21 . fol l ow i ng steps sh ou l d k tak en Ø sol ve É e

pm b l em for the p u u nd state .

l . For th e potent i al V ( r ) , t he sc al e f ac tor g i s i ntm d uced m

V ( r ) = g hu ( r ) . ( 2 µ

R M , the en ergy m n m mded i n tem s d l / g z
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E = g sEo + g s- aE E+ g . . " E 2 + ­ . { 3 )

u e hi å est r power , l , i n the expansion could be fk ed by the di mensional eonsidemti on in the
fol loì ng m y : " - ume the behavi or d the potential , ( r ) appm- ehes § ,ø en r + O and Eo is di -

BEenSionl ess - m e di mension d V 2 in the Emt tem d the lef t hm d side in Eq . ( 1) is the same æ

[ r -2] . Ä e dimension d e-eh tem m Eq -U h m-M y [ r - z ] 66r V É

for E sboul d be the same . Ò 1i s then e ve-

I 2 k
- n + 2 .

1Tze p m n d sù ù w a v e h n CH on V ( r ) i s a p Ù" - e d u
V ( r ) = e ¤ Þ , } . ( 5 )

s u b - 6 t u m e E q . ( 5 ) m Ø E q . ( 1 ) a e q u a U À f oz S ( r ) a M E m o b ta i n e d "

Â V Z S ( r ) - Â ô ¨ + V ( r ) - E = 0 Ø

T h e n SÔ ( r ) ié8 adl ." £ enxËP am .dd e d i n te r m d 1U/ g z
S ( r ) = g - s o ( r ) + g sÐ S E( r ) + g ï - 2JS z ( r ) + ­ . ( 7 )

Su b - t i t u t e h . ( 3 ) m d ( 7 ) i n t o E q . ( 6 ) . B y e q u ± n g t h e e o em e i en t s d e - e h g ¤ ¤ , a m t e s d

a m o rd e r d i b m n t i a l e q u a t i o n s c ou l d h ob u i Em d . N o w th e h i d I est p p o w e r , m , iôEn E th e S . × P.æEn° .

sôimôm£Ù¶ En̈Ð2̈ sdÍ©ôôthhMÓÐEô¡÷oÙØEu2

lÐd }hôE×ôma±mEnMØ°çd

1×TEh BØe hMi Õ e¹ .±4 r Pm£mÛw'" e m m VÈ ( r ) an d E m gõ h a EM 1Ðd gi » Eme" . p" e cdt6i v"Ðed lây . m e n k µ I , , ( r ) sb o u I d Ø t e r

th e a m t eq u aH o n . " m t h e c u e d H a n n omi c 0 ¤c i l l a o r p ot e n u d H A ] , w h i c h m × Ei r e- 2 m = k z i n

th e se e on d e m a t i o n t o r g 2Ã - j p ow e r , V S o - V S I Sh ou l d b e m l a te d Ø E o , w h i c h e v e- 2 m - j z t .

O n th e o t h e r h an d , ,ø en k ´ I , th e S r s t eq u a t i o n sb £ u l d b e r e l a e d Ø E e an d t h i s g vÊ 2 m = t z

th e se c on d e q u a m ÷ × th e p ow - r g h ' I i s t h e n E- l a t e d Ø u ( r ) , w h i c h g i v Ø 2 m - j = k . F r o m

th e ab o v e d i sc u s- i o a w e d e r i v e t h e f o l l o w i n g c oma u £n :

2 FFZ = k . 2 '" - j = l , f o r I ´ k , 2 FFZ = l , 2 FFZ - j z k , f o r t µ k . ( 8 )

T o e m m t h a t { E t } M { S t M Ete r tb e µ æ æ æ £ em v e l y , w e h a v e i z j i n E4 ¤ . ( 3 ) a d

( 7 ) .

F o r th e C o u l o m b p l u s l i n e a r p o t e n t i a l

V ( r ) = g z ( - · + Ì ¡ ( 9 )

k = 2 ± e ( r h - i + Ï , ( 1 0 )

r

WH e tz e v e , n = - 1 . F ro m E q . . ( 4 ) an d ´ 8 ) th u e v e - t = 4 µ k , , í i c h l ea d s Ø m = 2 ¤ ¤ d i z j

= 2 . 11ze re f o r e , f o r t h u p o t m m l h . ( 3 ) m d ( 7 ) m eÄP E- - d u
E g g 4 E o + g 2 E E + E z + g - z E B + ­ + g ¤ {2¤¤4} E . +

( 1 1 )S = g 2 S o + S I + g - z S 2 + g - 4 S 3 + ­ + g - t h - 2 } S . + ­ .

S u b - t i t u t i n g E q . ( 1 1 ) i m E q . ( 6 ) , £ q u m n g th e e o e m c i e n ts d e - e h g - t e m , th e f o l l o w i n g m m d

eq u a H on s ar e o b ta i n ed :

( V S o Y = - 2 E , , ( 12 )

V S e - V S E = Â v v . + Ø - E I , ( ×

v s . ¤ V S 2 2 Â V Z S 1 ¤ Â ý EY - E 2 ¤ 0 4 µ

ß ² " í ë Ë ï í (EEP& NP) Ú 26í
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[ s hr¤] for V( r ) and [ g' ]
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VSo - VS. =

Following Rd . [ 2] the series d ä s. ( 12- 15)2 .
AS-t Eq.(12) em

substiò ô ( 16) ¢ ¢ ( Ø ¤ EEM SJ r ) , Þ mi² Ð V × = Ó õ ô

¬ ß Å? ú (F E; Â)+(- Â +Ì ¡ EI
To keep SE( r ) À' Elar a r =O m have

Eo = - Â and s, ( r ) = r

This gives
A GV So - v s a = z i = ÌWr -¹ EÉ1,JAsÒÛ1- - .

Substituting Eq . ( 19) int£ Eq . ( 14) ç Sz( r h nd E2, eomiderma V r24 , we have

dS2 1 i 1 2EE I 1- - l » Ì - 6 - - - l - - U r - EI )2 - E2¤dr - 2 É2 p r 1 2

h OMer tha sz( r ) be mgular at r s 0, m have

Ez = 0 , S1( r µ = í rZ

This gtves
A Q- 1 ¦ ¦ 3- i - - - z z Ó Ì - Ez, S2( r ) = - Ù Ì r + Ô Ì r - E2r -dr - 2 Ì r + L r

Followtng similar PEWeedm tm ss( r ) and E3, intM ucing V 2 rs = 12r , Ì have

á =Â(- 2Ì SF+§ - ê )- w( - ÂÌ +Ó - EJ -
h order to have Sz( r ) a1. £

131en Eq . (23) beeü "
dS,
dr

= - § + Â Ì Zr E - E 3 ,

Conti nuing simi lar arSEEm at we coul d mach

E 3 = 0 , S3( r )

E4 =

Now we i ntmduce the geneml expmsSion

d S.

Ù7

301â Ø Ó ß Ô » ù ¬Ô Þ Ú È :

.

.

.

Â v s¤-t , Â Ç " ' (15)- VS¤-m E. ,

Considering V So =c£u ld k sol v ed easi l y .

So( r) = J ÓÔß r . ( 16 )

t 17 µ

( 18 )

( 19 )

( 20 )

´ 21)

( 22 )

( 23 )

( 24 )

( 25 )

3 Ì , sz(F) = - t Ì 2r'E2

1 Í ¯ 1 2 4=- ÔÌ -f + ÙÌ rs, ( F)

1 Ã 1 ± 42- þ Ì - + ÙÏ r

(26)Jl Å2 . , 3 4 5¡ E j , SU F? = - z Ì B r E - 26 / r s

.

.

.

2 aj ¤} r¤¤2Í - t ,

' ®t®f
(27µg
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then we have

1 d 2 d s a Y É t ¿V2s. = ? UrZ EF Z þ; -Á;Ð n+2- 2l)r lV J
£®k f

SUM M ing Eqs . ( 27 ) and ( 28 ) into Eq . ( 15 ) and compari ng the cod Ed ents d the M m power of

r we obtain

¤ ¤-1 4®" 4
ÁÉẗ ;?² ä } = ÂßÉ ÁÉ ;Èr ?¢ÃÃ ;ff 1Ô)ø ( n + 3 - 2Ì l ) - Â 2 2 aÉt jÃ² .±̈̈ }¢®aÉ ;È?= ; .

a tpOJM-Å÷
To keep S2" or SZM1mgEiar a r = Owe have

E ¨ = 0 , E h = 2 É - 1} Ì ¬

Fmm d } = 1 d the d ¤} and Ea for n µ Ocould h deí ed based on Eqs. (29) md (30) .

b i ni ng M É E o = - i and S o = r we obtai n
2

, ),
º 2 1 ¯ 1 À ¿ 1 Ã 'ä l - gr - ÔPFA' ay F rj EFP

1 3 4 3 3 3 1 4 s 1É Ì r - E Ì r +EEZFF+ 1
111e same pmeedum cm h pezformed ¤ we dd ne

e = g zÌ

and solve Eq . ( 1) for the potent ial

V( r ) = - ¹ + År .

ì 1e dezt va60n has been e ven in Rd . [ 2 ] and the m ul t i s exact l y the same ¿ Eqs . ( 3 1 )

( 32 ) . Considering Eh . ( 33 ) we have
E - J - i + ÷ JL - 2 { ý ) 2 + }

- 8 1 2 7 2 8 - 2 1g 1 T f

?(rh UPI- dr-4 J + 1§ ' + 1 2r2
r t Lg 6 g - 2 g . .

1 3 4 3 3 3 1 4 s 1
- - ç ü e r - » - ½ z e r - - Óz + ­ t
s g w - 4 8 " ' 8 g " »

Intmducing a parameter A z e/ g 6 = 11/ g 4 the ü ergy eod d be u PEes-ed Ø

E - t ( - i + ? ÷ t h ¤ 1 ) Ë ¤ }

- Ð 2 T ® 2 " ¤ ¤ l n f

IÐ ucingÉJ dt I}ô Ö ££Ø ee­mdas
E =/ (-Â+Zd )

- 2¤E
t h i s method cm easi ly e ve the eneEÅy expansion serie- up ­ ± Y OM er of n .

( 3 8 )

I t g ves t he poesib i l i t y

to anal ym the convergenc e of th e m d es m detai l s . Ä Ee COZEveEZ ence of the ex pan si on se r i es of th e

energy E depend s on th e param eter A . h fact , th i s ser i es i s m asy mpt ot i c one . For eeEt a i n val ue of

ß ' ² ï í ë ¦ ï í (HEP & NP) Ú 26 í

1 r t ¤} -¤¤1¤z» »¤¤t
( n + 1 Æ2 t µ " " Ï2

(28)

(29)

(30)

Com-

E=g4(- Â+Ä - 3(FY
´ 3 1µ

qp( r) =

(32)

(33)

(34)

and

(35)

(36)

(37)
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we eould only reach a ceztai n accuracy d theË
d i g e m szt n i s l i s t ed . F m m E q . ( 3 7 ) w e k n o w t h a t t h r at i o d th e su c c e ss i v e t em i n É e e E, e rg y e x -

p a n Si o n se r i ea i s A l e J e . - 1 l = A R . . Ih t c an bÃe s" e e¶ n tÉh ± tÉ}h1e se r i es w½ou 1M d h EmÂn×é an± i En266 !1uÐzd l on l y wµ t1me En1

AÇ Ố ò 1öÒmôTENÇ2×mié½s

t h e 6 amad l EØ u lh t c o u l d re ac h fo r a a x e d v a l u e d A . h tab l e 2 fo r ea c h Od er n , t h e A oo Ð e sp o n d i n g

t o A R . - 1 i s l i st e d . Ä Ee o b t a i n ed en er g y E / / f o r th i s sp e e i d v a l u e o f A a t e - eh OM e r d n m d so

e v e n , t o g et h e r w i É tb e r e a c h ed ä e u m c y e . A ¤ . F o r ex a m p l e , w h e n n = 1 1 t h e c o n Ø p o n d i n g A =

0 . 0 5 2 e v e- A R 11 ± 1 . h m ea n s th a t th e co Ð ec t i o n t e r m i n c r e a se s w h e n n µ l l an d i n c re a se s h F

t h e r . U i s w ou l d f l n a l l y gi v e a d i v e zm t Eü SUI t . U p to n = l l th e o b t a i n e d e A " = 0 . 0 0 Þ 4 w h i c h

gi v es th e ac c u rac y d th e o b t a i n ed e n er g y E / g 4 - - 0 . 4 3 4 4 3 f o r . A = 0 . 0 5 2 .

T a b s e 1 . R . ¤ l e J e . . t l

diEemnt

R. 4.5 1 36 9 67 11.a 13.35 14." 16 .43 17." 19.32 20.72

1IR. £-2 0.14 0 .10 0." 6 0.075 0.067 0.061 0." 6 0.Ê 2 0.048

' Ø ú 2 . The d ÄÄm d ¤ ® , . . . . . ææ' æ, × , a m- - - A

- 3 4 5 6 7 8 9 10 11 n

A o -n o.14 0 10 0 .¶ 6 0.W5 0.067 0.061 0.m6 0.£" £-0¤¤
w o ." £-31 ® 0.361 O-m o.ê £.æ £-41" £-41õ OAm o.ï '

1e u - o w o m a ý ' 6 0.m2 0.Ø 1 0.a ç £.´ m o.©"' 1 0.a m04 0.´ mm

Now eoasider a pa r d heavy quazt and antiquazt ì ú equal mÄ s m and color cha ze q azzd
- q , movi ng i n a CØ 10¤ú plus l inear potenti al . h the non-Eü lat ivi sm apPIond ma i m the wave

h nction × ( r ) Ø dè cribe the relati ve m06 0n d the quaEK pai r sati d es the º lI owing setu£di nger

equaU¶ =

l - d ² £ ,zr k ( r ) û ( r ) , ( 39 )

¨ em k is the stzm e l- d the h ear potenti al . Ah er a d mple transf£m m £" ' Eë . ( 39 ) beeom"

Eq . ( 1) m d wiÉÂÐ=gz, · '=E, Ú £r-m=Å, A- 6- -44,E e
2g mk = Ì 2 m q g g

( 40 )
Sub- ti tu6 ng Eq . ( 40 ) iat£ Eq . ( 37 µ the F und sta e em rg7 ' d the hm quazk sy' " 'n ean h a -

pressed u

, 1 4 1 × 3 ü { " Ã} 1 4 1 3 3 2 Ã , }= Ó m · Ó + µ ; Ó a . . 1 17 1 l l s Ó Ð l Ó + Ó A - Ó A + 7 A ­ l
i ÉË¢ 3 42¤¤EJ 48 1. l 1 4i 1 3 ¢ 3 ¢2 ¶ ¢, 1þ Ð {- T +Ï -ze--1 1Õ©! ! ' ÔÇ ! - Ó+ÔA- ÔA +z r }

For the qumt omuzzz sya mn dBe £olor charge q2 cm h rela ed to the Ü Øû

2 4
q = Ó £» -

For example , tak ing q2 2 0 .5 and k = 1GeV / fin we have

A = á » " 6 . 4 Ø v 2 x l ¬
m q m -

Tak i ng the mass d the cham quazt m. = 1 .6GeV , we have

Ô ¬ Ú ¾ z¦ Ö Ó ¬ Ô » ù Ú â ö â 303

h Table l the ratio d R. = M.M. - zl for

h also tel l s us how - ecurate

A g 0 .052.

(41)
constant a . ¤ [31££µ ti ng
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A e z á . 2 5 , þ
,,. . q

wtzi ch m too la, fo-- the appl i cauon d thm md md . H we look a the u pam ion eeri e- , fw the

g mmd state d J/ Ð we have
mÊ = 1 .6GeV x 2 + , e - 3 . 2GeV + 0 .2 GeV ( - 0 .5 + 3 . 7 - 9 .4 + 105 + ­ ) . ( 45 )

Obvi ousl y , thi s egpanSion has a veß bad behaviour - U a Ê om ttds method £oui d not be applied to

charm ium einee tbe cham quó mm M M hÌ vy m ush . For b£" æ æ,d top qtsa t . tah g

m b a- 4 . 5GeV aZEd m, " 170GeV , we could obu i n

Ë = á » ± 0 3 2 an d h T ¡ " 2 2 x 10 . ( ¸ )4 M - 4

" tt. " ' ª - a!

FFEy-

o bÃ £" sl y ,

'" - - 4 .5GeV and m, - 170GeV, we could obtm

For the g ound state d the bottom m d top e

FFZbE= 4.5GeV x 2 + ' ¤ ¤
9 .OGeV + 0 . 56GeV ( - 0 . 5 + 0 .48 - 0 . 15 + 0 . 22 + ­ ) , ( 47 )

mtl = 170GeV x 2 + , » ¤
340 GeV + 21 3 GeV ( - 0 .5 + 3 .3 x 104 - 7 .3 x l o - - + ­ ) . ( 48 )

From F4 8 . ( 47 ) m d ( 48 ) it can h seen ú ´ in the eæe d bottom quarkonium Ab - 0 . 32 . the aecu -

racy d the derived em u has been i mpmved and ² i s method eoul d wel l h appl i ed to the top

qumt a zi um .

1³ e aEashors m utd tiJse Ø shank Prqfemor T . D . t a h r his consinuous instruesions and edu ce .
Om qr she aaashors ( Z . W . Q - h eoastd th Ø sha,.k z hasang Pend i and Zhas- Hzai h r hd M at du .
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4m .. 0 .32
¤ . q

Ö Ó - 2 .2 x õ
FFZt q

we hm

and A-A® =

(47)

â Ø Ó ß Ô » ù ¬ â ö â '

Ô¬ Ú Ï ¤ ¤
(Ðú Æ§ ô ß . . , Ð¿ ù ± ÷ lam9)


