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C o m m e n t s o n V a r i a t i o n a l º t e t h o d U s e d

i n A c c e l e r a t i n g S t r u c t u r e

W A NC Ia n- Fa

( IEMitutr of HiO Enerü Physics Chinese Academy d Sei- nem .BeUing 10Þ 39 Chma)

A bú , ct Ú Ee variauonal É emÃ for geneTal acceler aung gUUCM e m studied in detai l . U e m ter wishes to

poh t out mm ermm m previous papem and explains , ome importm t pomu m the app li caIion d the varia-

tional e¼ m aim .

Key wo,² variational method , acceleratine smlcttm , eleckomap etie fh ld

1 I n t r o d u c U o n

Ç l e var iaUonal method has M gh ä curacy and needs smal l m É É space . TE emfom , man y people

used vam uonal method Ø study accelerat ing sm scu m in the past decades[ lú ] , espec iall y for d isk - loaded

sh mtlue i n l im e . A l though they gave good mSUI t s , them were some enwm in t hese papem about the vm a-
d onal theoE7 ¤ For exampl e , Masao Nakam um [ 1] di d not consider the non- metal cond i ti on at the two ends of

t lm disk- loaded stm ctm , and t heÓ is other mathemati c em m i n t he pm eedm to pmve the vam u onal for -

mula . W ans Boc i l2j pointed out these pm blems and obtai ned the vmt ati ond formul a wt t h new method . H e

a rst asm m s that the elecÇ£magnet ic f l el d sat id es M azwell efm Hom , metal boundary condi ti on on meta l

and peri odi c cond i ti on at the two ends of one cel l , then th e vad ational fOITEm la SJ = O is pmv ed by usi ng

the metal boundaEy condi ti on E x n = O and periodi c condi ti on . × × is not what we want to pm ve . × Ee

conüCt way is to pm ve that the fK Ids wi H sat isfV Mu wel l equat iom and boundaz7 condi t i on i f SJ = 0 . A nd
the metal boundar7 condi ti on E Á n = O cm ' t k us ed Ø a k nown COZEdi Hon because the t rial funcd on

doesi t need sati sfy th i s condi ti on as i n Ref . [ 3 ] . Ä " is explai ned i n the m xt sec ti on - Y ao [4] al so de-

Et ved the vm ath nal form ul a . He Srst pmved that t be Mu wel l equation wi l l h sm d ed by selec t i ng Om

special functi on Ç ( Eq . ( 5 . 2 . 14 ) in Ref . [ 4 ] ) on metal bounda17 ,
" x n = , - x n = 0 , ( 1 )

hem n is the uni t vector ouw aM nom al ­ SUEfac e d th e accelerat i ng str uetum - 1E en he conc l uded that

the metal boundaE7 condi t ion wi l l k sa i d ed tbr an arbi tm zy Ê by using Maxwell eq m Uon that i s dem ed

f rom Eq . ( 1 ) . Ç Iis is i nconsistent M th Eq . ( 1 ) that m qu iÓ s a spec ial f uncti on Ê ¤

The vad ati onal method for geneml accel em ti ng st ru cture i s stud ied in thi s paper and some i mponant

poi nts on the app l i cati on of the var iati onal tbmul l a wi l l h exp lai ned .

2 V a r i a t i o n a I T h eo Ç f o r E l e c t r o m a g n ´ c F i e t d M S t r u c t u r e

TTm Maxwel l eq uat ions for fl eld wi th t ime dependence of ejM i n vacuum space ar e

V x Z o H = j kE , ( 2 )

V x E = - j IzZ o H , ( 3 )

¶ th boundaE7 COIl di Hons on metal m

v x H x n = O or m x E = 0 , ( 4 )

Reeeived 4 »-mu×7 ª MO1
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wbem k = Ø ¹ ý̄ ¹ iÊs tôù pmmë PÞ "Øô£¶n Ø m ôü t ¨ Zù o = Ï F ;h t}° i ntumr

W e ca En 1 obt a i n t h e fo l l o w i n g eq 1uEa t"i o En 1 fo r m ag n e t i c fE1kMed l d fhEmÛ@3m t h e abo v e M a x w e l l eq u at i o ns ,

V x ( V x H ) - t H = 0 . ( 5 )

'ø e g e l d Z o H , w h i c h sa u d es E q . ( 5 ) an d th e b ou n d - ß COE--HÀ£ n ( 4 ) , c m b e f ou n d by m ak i ng tb e º l -

l o÷ n g v ar i a ti o na l fo rm EØ m mu m

Ð H ) = jP { ¨ m ) ¨ ím H )Ã . - tô (Øzm Ê E )Ã . l ¿ Ø

Ä - h­ 0Ú®w¡ÆÈm En E bî e lh£ w .

U t m de f I EEe H , Ä H wh i c h ¤¤ 6 gfEes e q u a t i o n

SJ ( Z o H ) = 0 , ( 7 )

w be m s m a m su t i o m É ¤ Co ns i d e r H , É i c h i s n eu l y eq u d to H l b u t s l i gh t d ev i a t e d h m H I b y Ð

wb e Ó Û i s a azt Ei tm zy h n c t i o n ,

H = H I + a Ê . ( 8 )

Sub-utuUng Eq . ( 8) inØ Eq . (6) , ½ obtain

¨ 1 + Ý = j i m ( H 1 + " ' ) ) ( 'J( HI + a,, )

Because H I SaHd Ø Eq. (7) , we have

¥ ¨ 1 + a,, ) | . . . s O ( 10)

Stab-ti tuh a Eq . ( 9 ) im Eq . ( 10 ) , " £bu in

jp ! (övh x ,ºÑ̈)

From the vector ide¼tn°Òt6i 6e.
V ¤ ( A x B ) = B - V x A - A - V x B , ( 12 )

we obtai n the following equa iom by usi ng ( V X H l ) ( V x H J ) instead of A and ,, ( Û . ) instead d B

in Eq . ( 12 ) ,
( V x ,, ) ¤ ( V x H E ) ¤ = - V ¤ [ ( V x H J - x ,, ] + Ê - V x ( V x H I Y , ( 13)

( V x ,, ) ¤ . ( V x H 1) = - V ¤ [ ( V x E J X ä ¤ ] + Û ¤ . v x ( V Á H I ) . ( 14 )

h tung F4 ¤ . ( 13 . 14 ) inØ Eq . ( 10 . we obtain

j [ V X ( V X H 1) - Ê ] - v d v - j v ¤ [ ¨ H 1) µ́ , ¤ ] d V + CC z 0 , ( 15 )

whem CC . mem coû tex e£nj Þ te d ttze rest p¤a . 'IEe seeond tem in the above equaIion can k rew i t-

ten as

j v [ ( V X H I ) Á Ê ¤¤ ] d V = j ( V X H I ) x Ê ¤ ¤ mds , ( 16 )

wbm a is the uni t " C¤ outward norm I M the m da e S . 'm eM ore Eq . ( 15 ) can h exF Ç Ç d a

j [ V Á ( V Á FEt ) - KV EI ] - v d V J m H J x , ¤ ¤ md S + CC = 0 ( ¨

Usi Eû tbe i demti u"
A - B x C g C - A Á B = B ¤ C x A , ( 18)

tbe second tem i n Eq . ( 17 ) can fuEther be trad om ed "

j m H I ) x , ¤ ¤ mdS = j ( , ½ H I ) ¤ , - d S =

j ( , ¤ ¨ ) ¤ ¨ H I ) d S ( Õ

112e above inteF ± ion can be divided into hm õ ô in F neral . One ie on the metal boundaÉ and another

õ ¼¨ :ä Ö ­ í Ú Ó â á ¹ Ð ¦ Ã Ä Û ¤

+ Á, ) )(V x (H1+ a, )) ¤ - KZ( H1+ Á,, ) ( H1+ " ' ) ¤ |d V.
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is on the non- metal boundaEY ¤

Suppoee H l has the same tm nsvem compom nt Ø H i n Eq . ( 5 ) on th e non- metal bounda® , wh i ch

means H I SaHd es the t ransveme boundary in Eq . ( 5 ) ,

H 14 = H 4 ¤ ( 20 )

Because H z H l + ÁÛ , th emfore , " has zem transveme m mpone± , m the iM ep Ø ion on non- metal bound -

® i n Eq . ( 19 ) wi l l become m m . Under such condi t ion , Eq . ( 17 ) cm k EW Et t ten Ä
Ø...»

j [ V X ¨ H 1) - U H I ] ¤ ó d v - j I n Á ¨ H 1) ] V d S + CC = 0 ( 2 1)

Because Ç is an az² i tmq h ncti ozh we can aEÄ½ that for Eq . ( 2 1) Ø be tm e for m y Ç the maP Ieti c f leld

H 1 must sati sfy

V x ( V x H 1) - U H I = 0 , ( 22 )

V x H 1 Á n = 0 , on metal boundary . ( 23 )

Ú Eerefor- we cm conc lude that i f H 1 sab S es FJqs . ( 7 ) and ( 20 ) on the non- metaI bounda® , then H l sat -

id ea Eq . ( 5 ) and metal boun daE7 cond i t ion ( 4 ) . Ú zem is not m y l i mi ta ti on on tri al functi ons i f al l the

boundar ies am coµ oeed by pezf eet meta l mated al . H some of the boundary is non- metal bounda® , then

the M al funct ions shoul d sat i d es Eq . ( 20 ) on th e non- metal boun dary . I t means that th e tran svem mag -

nek h l d component e ven by ± d hm ct ions shoul d k equal to the val ue d th e tm e fk lds them . h the

peri odi c di sk - loaded sM ACture cam , th e tr ial f unctions for magnet ic fh l d shoul d h HI l l the R oquet condiUon

at the two end si des of one cell ,
H ( r , £ , z + D ) = H ( r , 0 , z k - Jh , ( 2A )

when© D is t he peri od ic stm ctum length azd h the phase shi f t over the peri od .

We can obtai n simil ar vm m om l expmSSion for elec tm nic tl eld m

¨ = j i m E ) ( V X E ) " - Õ Å d V ö )

BLAt Eq . ( 25 ) Ó qui m that the t rial fund iom shoul d u t isÐ t lm metal bound® condi ti on ( 4 ) on metal

boundary . Th i s wi ll b ri ng some diE cul ty ± ,en we chooee t he M al functi ons . 'ITEemfom we usual l y um

Eq . ( 6 ) æ £ï vazt d ona» mEpm SSion -

Usi ng Eq . ( 2 ) , th e vazU Ii ond form Eq . ( 6 ) can h m w itten ó

J ( Z o H ) = ã [ E ¤ E ¤ - ( A H X A E Y M V ¹

Usi ng the re lat ionsh ip
V ¤ [ Z OFF ¤ x ( V X Z o H ) ] = ( V x Z o H ) ¤ ( V x Z o H Y - M ( Z o H ) ¤ ( Z o H Y , ( ¶ )

Eq . ( 6 ) can al so k wri tten Ê

Ê H ) = j v H A H Y ¨ X A H ) ] d V =

j ( ú ) ¤ ¨ Á M ) - md S =

å M ) - x E n d S ( 28 )

H the energy i s Þ Emew ed , then the i ntem l on t he leh - han d si de of Eq . ( 28 ) is m m when t he i nte8 3 l

is taken over the whole sb12ctune . I t cm be pm ven t hat the i ntegmi is al so m m for a Si nd e cel l . 112e inte-

gm l on t he metal surfac e is m m for a real g eld . On t he two end sud aces d the cell , the R oquet condi t ion

p vm
( H ® Á E ) | z¤ - Dm z ( H - x E ) | M Dr2 ¤ ( 29 )

Si nce the nOEm l n at the ld and d ght end m d ace is - s and s , mspecHvely , the integm uon on the

two end sEnf aces cancel each other to mak e J m m . h al so can k pmven that the i ntegm t ion on the Ei ght

d Eq . ( 28 ) is m m for a real h ld when the bound® m perfect conduc tor , whi ch m am them m equal

ß Ü ï í ë Ë ï í (ï P& NP) Ú 26í
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m ea n sto red e le c t Et c e n e r g y an d m Á eu c e n e EW i n tb e stm ct u m f o r m e l ee k o m ag n et i c m so m to r - m e m -

fOEh t h e v ar i a t i o na l p m b l e m E q . ( 2 8 ) i s eq u i v a l e n t M se e k i ng fo r h l d s w i t h ze m m i n i m u m v al u e of L m d

th e re su l t i ng h l d w i l l h as eq u a l am ou n ts d sto m d e l ee u i c a nd m ¤Á et i c e ne r g y .

Fm m h , . ( 6 . 7 ) , w e em ob ta i n n ê , v ¤d - Hom l a n m m

| ( V x Z £ H X V x Z o H ) - d v

k z = m i n J , . ( 30 )

| ( Z o H X Z £ H ) ¤ d V

Ä i s eq ua h n gi ve- É e rem - nt h e q u emc y d m d eu tau L þ À d i c m oa Ä f th a i n c l u d e- oa l y v - c u m m i t .

I t m an s m so na n t f m q EBen ey i s a m i n i m u m v al u e d th ab w e ex p re - - i on - R e f . [ 3 ] used E q . ( 2 8 ) m tb e

v azt at io na l ex p re ss i o n b ec a use i t i s s i m p l e r th a n E q . ( 6 ) . R eÄº . [H1 , 2Ã ] uØ8ed d Eä q . ( 3Òo ) æ tôh vÛa EmtÊa"Øô ó EnÐz×Ðad
l

eÇ1xµE×põ¢m¢ EÓmô­·Ê§ sÙ8imó¶­ En̈̈ËµÂ a±mEn̈E

3 A p ÌÝ i Ø " 0© n 0d r v a× E ªç a " 0¶ m d M e´ t h £" d

So m e i m POEt a n t Ä p ec t s o n t he a p p l i c a t i o n d th e vazt a ti oa d m et hod wt l l b e po i n ted o ut i n th i s se t --

t i on . W e u se ta pe m d d is k - l oad ed w a v e gu i de Ø m e xa m p l e . I t i s oh e n u sed i n l i m e fo r ac c el e ra ti o n an d

st u d i ed i n R e fs - [ l - 4 ] by us i ng v ad a t i o nal m et hod - 111e a p p l i c a t i o n i s sam e ¤ o th e r k i n d s d et m c t u m .

Ç Ee ge ne ral v azt a6 0 n a l ex p rem o n to r m ag n et i c f l e l d i n Eq s . ( 2 8 ) an d ( 30 ) c a n b e used u v azt a Ho n -

d ex pr ess io n fo r d i ½ ¤l oad e d st r u et m an d ot h e r k i n d d Ø v i ty d i r e c t l y " i n R d . [ 1- 4 ] . H ere - th w zt t -

e r p o i n ts m m i m õ ô n t i sm -e ab o u t t h b o u n d az7 ¤

T h e m am W o k i n ds d n o n - m eta l b o u n da Ey c o n d i Ho n i n d i sk - l od ed st r u et um . O m i s t h e tw o e nd

si d e s o f Om ce l l w h ere t h e p e r i od c co nd i t i o n o f m F d i e h l d sho u l d h sd d ed fo -- tb e p em d i c sm c M m

Ä E q . ( 24 ) . m e tou l su w u m i s u su a l l y d i v i d ed i n t o a fe w sub re gt o m - ö ,e rd £ " , an o tb e r no n - m eta l

b o u n da EÃ i s th e i n t e r fa ce b et wee n th e d i E e m n t m g i o ns . D ig e m n t td al fu n c t i on s a m u sed i n t h e d i g e re n t m -

P o ns as i n th R ef s . [ 1- 4 ] . Th e f l e l ds sho u l d k c o n t i n uo u s ae r o - s th e i n t eÉ c e b etw ee n t he sub m gi o n s -

W e c m ob u i n tb e h l ² m atc h i EEg eOEEd i ti o n s b y eq u at i Eç tb e tw o ta n ge nm l Ø m p o m n u o f t he m Á ð c
h M s au n te d ac e . H o w ev er - we sh od d n ' t m a tc h tb e e l ec t r i c h l d a t the i n t e Ef ac e beca u se ä ¤ . ( 2 8 ) a nd

( 30 ) a m d e r i v ed f m m th e E q . ( 6 ) WH e t1 m q u in s t ha t t h ma gn et i c fh l d sh o u l d sat i sfy th e bo u n d aEÃ c o n -

di Uo n i ns tea d d e l ec t d c Be l d - Ç Ei s Ê d iE e m n t h m t he m od e m a tc h i ne m e th od w² e re w e c an m atc h b o th

th e e l e c td e h l d m d m Á d c S d d .

Th t ra m v em e m aÁ et i c f l e l d b o u n d ar y sho u l d h sd d ed a t ea c h e n d d ce l l fo r a s i ng l e c e l l Ø v i w

or f o r a pe r i od i c st n ad u m . W e s h ou l d se t m ag n e t i c f Ie l d b ou n da zÃ i nste a d d e lec t m n E e l d b o u n da EÃ h e re

f o r tb e sam e rea so n m a p la i n ed i n tb e ab ov e p - m e - Ph .

l f w e u se v an at i o n al m pm ai m of e l ee M e h l d m i n E q . ( 25 ) . th e n th e e l ec u t e h ld b ot -n d az7 an d

c o n t i n u i t y a c E W t h e i n t e É c e d d i g e m t r Þ o E E s h o u l d b e s d d e d .

4 C o n d u E d o m

1 T E e v a m u o n a l n p m ¤ ¤ i o n f o r e l e c t r o m a Á d c h l d i n a s M a c t u m i s s t u d i e d i n d e t a i l . I t c a n b e u s e d

i n a n y s t m c t U E Y T . T h e m a i n p o i n t s f o r b o u n d a z Ã c o n d i t i o n o n t h e u s a g e o f t b e g e v a d a t i o n a l e x p m s s i o m a m

pointed Ø t .
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